The character of the superconducting phase of Sr2RuO4 is topic of a longstanding discussion. The classification of the symmetry allowed order parameters has relied on the tetragonal symmetry of the lattice and on cylindrical Fermi surfaces, usually taken to be featureless, not including the non-trivial symmetry aspects related to their orbital content. Here we show how the careful account of the orbital degree of freedom in Sr2RuO4 leads to a much richer classification of order parameters. We analyse the stability and degeneracy of these new order parameters from the perspective of the concept of superconducting fitness and propose a new best order parameter candidate.
The character of the superconducting phase of Sr2RuO4 is topic of a longstanding discussion. The classification of the symmetry allowed order parameters has relied on the tetragonal symmetry of the lattice and on cylindrical Fermi surfaces, usually taken to be featureless, not including the non-trivial symmetry aspects related to their orbital content. Here we show how the careful account of the orbital degree of freedom in Sr2RuO4 leads to a much richer classification of order parameters. We analyse the stability and degeneracy of these new order parameters from the perspective of the concept of superconducting fitness and propose a new best order parameter candidate.
Sr 2 RuO 4 is among the materials with the highest quality single-crystals [1, 2] and with the best characterized normal state Fermi surfaces [3] [4] [5] [6] . Yet, the nature of the superconducting state in this material has remained a puzzle for more than 20 years [7] . Experimental evidence from different probes give us conflicting information if we try to understand the phenomenology of this material from the perspective of an order parameter on a single cylindrical Fermi surface. The solution to this conundrum might rely on the fact that Sr 2 RuO 4 is a complex material, since the faithful description of its normal state electronic structure requires at least the three orbitals in the t 2g manifold. In contrast to the microscopic description in the orbital basis, superconductivity is usually understood as an instability out of a Fermi surface. When studying superconductivity in Sr 2 RuO 4 it is usual to erase the microscopic complexity needed for the faithful representation of its three Fermi surfaces, and to start treating these as featureless entities [8] [9] [10] [11] .
Several experiments are known to indicate that the order parameter is a spin-triplet, in particular Knight shift [12, 13] and neutron scattering measurements [14] , which observed no change in the spin susceptibility across the superconducting critical temperature, T c , for any magnetic field direction. Another important piece of evidence is the observation of the onset of time-reversal symmetry breaking (TRSB) at T c from muon spin rotation [15, 16] and polar Kerr effect measurements [17] . These two facts together point towards a chiral order parameter with dvector d(k) = (0, 0, k x ± ik y ) [1, [18] [19] [20] , the only unitary odd-parity triplet order parameter in a tetragonal material to break time-reversal symmetry. Contradictions emerge once we consider complementary experimental results. For example, specific heat [21] [22] [23] [24] [25] and ultrasound [26] measurements suggest the presence of horizontal line nodes in the superconducting gap, and new thermal conductivity measurements [27] give evidence for symmetry imposed vertical line nodes. In addition, recent experiments are now challenging what were thought to be well stablished results. In particular, novel Knight shift measurements indicate a drop in the spin susceptibility for in-plane magnetic fields, challenging the proposal of an order parameter with a d-vector along the z-direction [28] . Also, latest uniaxial strain experiments performed at the micron-scale observe no splitting of the critical temperature as a function of strain, expected if the order parameter has two-components [29] . These recent results motivate us to look more carefully into the possible order parameters for Sr 2 RuO 4 from a microscopic perspective.
Sr 2 RuO 4 has the tetragonal space group I4/mmm, or #139 [1] . This group consists of operations in the point group D 4h and intra-unit-cell shifts by half lattice parameter in all directions. Focusing on the point group, here we refer to D 4 since in this case the tables below have a more compact form (the product with inversion essentially splits the representations in even and odd). It is well known that the important degrees of freedom (DOF) for the description of Sr 2 RuO 4 are the electrons from the Ru ions in the t 2g manifold, namely d yz , d xz and d xy . Choosing the basis Φ
where λ i=1,...,8 are the Gell-Mann matrices and λ 0 = 2 3 I 3 , with I 3 the three-dimensional identity matrix, standing for the orbital DOF, and σ i=1,2,3 , are Pauli matrices, with σ 0 the two-dimensional identity matrix, standing for the spin DOF. Requiring the Hamiltonian to be invariant under inversion and time-reversal, we find restrictions on the allowed pairs of indexes (a, b). In fact, the Hamiltonian we find through this symmetry analysis is in accordance with the well stablished Hamiltonian for Sr 2 RuO 4 [30, 31] , in which the terms (0, 0), (3, 0) and (8, 0) are associated with intra-orbital hopping in the A 1 , B 1 and A 1 representations, respectively; (1, 0) is associated with inter-orbital hopping in A 2 , allowed only between xz and yz orbitals; and (2, 3) and (5, 2)+(7, 1) in A 1 are associated with atomic spin-orbit coupling (SOC). Other allowed terms are: {(4, 0), (6, 0)} in E, related to out-of-plane inter-orbital hopping between xz or yz and xy; {(2, 1), (2, 2)} and {(7, 3), (5, 3)} also in E, as well (5, 2) − (7, 1) and (5, 1) ± (7, 2) in B 1 , B 2 and A 2 , respectively, all related to even k-dependent SOC, which are usually neglected. Sections I and II in the Supplemental Material details the derivation of these properties. Now we classify the order parameters within this microscopic perspective. We start parametrizing the gap matrix with functions d ab (k) as:
In order to satisfy the anti-symmetry of the pair wavefunction, the order parameter should follow ∆(k) = −∆ T (−k), such that we can separate the functions d ab (k) in even or odd if the product λ a ⊗ σ b (iσ 2 ) is anti-symmetric or symmetric, respectively. In the multi-orbital Nambu basis Ψ † = (Φ † , Φ T ) , the point group transformations rotate the order parameter as U ∆(k)(U −1 ) * [31, 32] . We start the analysis looking at how the product λ a ⊗ σ b (iσ 2 ) transforms under the generators of the point group, what allows us to associate these products with distinct irreducible representations (IRREPs) of D 4 . These results are summarized in the second column of Table I for the case of intraorbital pairing, a = {0, 3, 8}. In order to distinguish the parametrization of the gap matrix from the parametrization of the normal state Hamiltonian, we use different brakets [a, b] for the gap function indexes. Sections III and IV in the Supplementary Material display the results for the inter-orbital components of the order parameter. We can further introduce the non-trivial momentum dependence of d ab (k), considering the product of the IR-REP of d ab (k) with the IRREP of λ a ⊗ σ b (iσ 2 ) to determine the IRREP of the complete order parameter. This is inferred from the character table of the point group, and the results are summarized in the last five columns of Table I .
We now go over Table I , analysing in detail the properties of the order parameters in different sectors (indicated by different colors) in order to select the best candidate for Sr 2 RuO 4 based on the current experimental results. The spin character of each sector (singlet or triplet) is evident, as well as the dimensionality of the representation (A 1 , A 2 , B 1 and B 2 are one dimensional and E is two dimensional). Considering the basis functions, we asso-
, k x k y and {xz, yx} as even basis and
and {x, y} as odd basis for A 1 , A 2 , B 1 , B 2 and E, respectively. If we consider the original Knight shift [12, 13] and Table I . (i-ix) can be identified by the color scheme or by reading the sectors highlighted by thick lines from left to right, top to bottom in Table I . Here h stands for horizontal, v for vertical and hv for simultaneous h and v line nodes. (*) Recent NMR results do not agree with a d-vector along the z-axis [28] .
neutron scattering [14] experiments, we can eliminate singlet order parameters in (i − iii). Considering now the evidence for line nodes from specific heat [21] [22] [23] [24] [25] , ultrasound attenuation [26] and recent thermal transport [27] , we can also eliminate the order parameters in (vi) and (ix). Note that these sectors include the standard chiral and helical states usually considered for Sr 2 RuO 4 . The order parameters in (iv) and (v) are associated with one dimensional representations, so these do not satisfy the requirement of a two-dimensional order parameter as suggested by muon spin rotation [15, 16] , polar Kerr effect [17] , and ultrasound [26] . We are left with order parameters in (vii) and (viii), which are triplets with in-plane 
Columns 2-5 include terms present in a two dimensional effective model, while columns 7-8 introduce additional terms allowed in a three dimensional model. Here a-SOC stands for atomic SOC, associated with terms (2, 3), (5, 2), (7, 1); IOH-z stands for interorbital inter-plane hopping associated with (4, 0) and (6, 0), k-SOC is associated with momentum-dependent SOC from {(2, 1), (2, 2)} and {(5, 3), (7, 3)}. The column labelled 2D-deg indicates by asterisks which pairs of order parameters are degenerate for a two dimensional model (quasi-degeneracies are indicated by asterisks in parenthesis). Note that for a three dimensional model no degeneracies are left.
d-vector, always carrying horizontal line nodes (some also with vertical line nodes), which are two dimensional and could be associated with a TRSB state. From this systematic discussion, we can see that the phenomenology of Sr 2 RuO 4 indicates that the intra-orbital component of the order parameter is likely to be in groups (vii) and (viii), namely, should be of the following form:
where a = {0, 3, 8}, X = {A 1 , A 2 , B 1 , B 2 } and α is an arbitrary complex phase.
In order to give a measure of the stability of the order parameters discussed above and to look for accidental degeneracies, we now evaluate the superconducting fitness functions as defined in our previous work [31, 32] :
The average over the Fermi surfaces of T r[|F
directly determine the critical temperature [32] . The larger F A (k), the higher the critical temperature, while a finite F C (k) introduces detrimental effects to the superconducting state, reducing the critical temperature. The results for F A (k) and F C (k) are summarized in Table III and IV, respectively. We highlight that, among the intra-orbital order parameters, the terms which contribute to a finite F C (k) are: (1, 0), associated with inter-orbital hopping, carrying a form factor in B 2 (even); and (2, 3), (5, 2) and (7, 1) in A 1 (even), associated with atomic SOC. In order to reduce the detrimental effects introduced by a finite F C (k) function, we would like to combine these terms with order parameters with non-trivial form factors d ab (k), preferably with nodal basis functions orthogonal to B 2 (even). Analysing now F A (k), we focus on the largest contributions to the normal state Hamiltonian, given by the intra-orbital hopping terms (3, 0) in B 1 (even) and (8, 0) in A 1 (even). In order to maximize the average of T r[|F A (k)| 2 ] over the Fermi surface, order parameters with d ab (k) in A 1 (even) or B 2 (odd) are the most favoured. From the analysis of both F C (k) and F A (k) functions, a gap function with
y )k z would be the most fit for a triplet order parameter. Interestingly, the superconducting fitness analysis considering also singlet states show these as the most favourable, what is guaranteed by atomic SOC, as can be inferred by the larger coefficient for a-SOC in Table III for singlet order parameters with trivial orbital basis [0, 0], supported further by the absence of form factors suppressing the averages over the Fermi surface for d ab (k) transforming as even A 1 .
From Table III we can also review the discussion about the degeneracy of the order parameters. We start considering a two dimensional model. It is usually stated that the helical and chiral order parameters are degenerate up to the inclusion of SOC. This argument can be based on a phenomenological Ginzburg-Landau theory, with SOC being introduced at the free energy level by evaluating the expectation value of L · S for a given pair wave-function [33, 34] , or from the analysis of its effects on different pairing mechanisms [35] [36] [37] . Here we analyze the degeneracy directly from a microscopic perspective, considering an orbital and spin symmetric microscopic interaction. According to the concept of superconducting fitness [32] , in the weak coupling limit, the critical temperature depends only on the averages over the Fermi surface of the superconducting fitness parameters. In the context of two dimensional models, we find that the order parameters marked with one asterisk in Table III and  IV are 
, taking as baseline intra-orbital hopping terms (here t stands for the maximal intra-layer intra-orbital hopping amplitude [30] ). If we neglect these shifts, we have quasidegeneracies which are not protected by symmetry, therefore not usually discussed (marked by asterisks between parenthesis in Table III ). There is also an apparent unexpected degeneracy between singlet and triplet order parameters [3, 0] and [3, 3] . A degeneracy would assume the same form factor d ab (k), what is not possible given the different parity of the order parameter in both cases.
It is interesting now to consider some consequences for the interpretation of experiments under strain, in which case the point group is reduced from D 4 to D 2 . Given that inversion and time-reversal symmetries are preserved, there are no new (a, b) terms allowed in H 0 (k). In the strained scenario, we can use the same matrix basis as before, and make the correspondence of the IRREPs as follows: A 1 and B 1 → A, A 2 and B 2 → B 1 and E → {B 2 , B 3 }. The last correspondence means that the two-dimensional representation of D 4 splits into two one-dimensional representations under strain, what would lead to the observation of two transition temperatures. Interestingly, there are no accidental degeneracies guaranteed by the fitness analysis for order parameters in A i and B i , for i = {1, 2}, what would not allow us to construct a picture in which we have a two-dimensional order parameter (by an accidental degeneracy) which does not split under strain.
Given the horizontal node of the best candidate order parameter in Eq. 3 with an odd form factor in B 2 ∼ (k 2 x − k 2 y )k z , we believe it is now important to carefully consider inter-layer processes, within a full three dimensional model. Recent works highlight the non-trivial effects of the third dimension in Sr 2 RuO 4 , within which one can identify a non-trivial texture in the spin and orbital DOF along the Fermi surface [38] [39] [40] , and theoretical proposals already have suggested order parameters which are odd along the z-direction [41] [42] [43] . Here we evaluate the superconducting fitness functions including the out-of-plane terms in the normal state Hamiltonian which are usually neglected. From the last two columns of Table III Richer possibilities can emerge when we consider the contribution of inter-orbital pairing. As can be inferred from Sections III and IV in the Supplemental Material, there is a series of inter-orbital order parameters which fall in one of the five IRREPs of the point group, and will therefore coexist with intra-orbital components. A similar analysis of the superconducting fitness functions can indicate which basis matrixes are degenerate for a given IRREP of the form factors d ab (k). A construction of a detailed Ginzburg-Landau functional from the microscopics could determine if the superposition of these different basis matrixes can be complex, leading to timereversal symmetry breaking purely by the multi-orbital character. This is an important direction for future work.
In conclusion, we analysed Sr 2 RuO 4 from a microscopic perspective, classifying the order parameters in the orbital basis, following the constraints imposed by the point group symmetry and the orbital content of the underlying DOF. We find a new interesting order parameter candidate which allows for the consistent understanding of many experimental results available at the moment. From the observed phenomenology, the best candidate order parameter is a triplet superconductor with an inplane d-vector. From the superconducting fitness analysis we determine that the most favourable order parameter is a trivial singlet state. Among the triplet states, an order parameter with a form factor in the B 2 representation and an in-plane d-vector is the most robust. Furthermore, we find that for a two-dimensional model with orbital and spin symmetric interactions, the order parameter with d-vector along the plane is in fact degenerate with the triplet state with d-vector along the z-direction even in presence of SOC. Interestingly, this degeneracy is lifted only by terms related to inter-layer processes. Extra quasi-degeneracies can also be identified, and could be associated with novel TRSB superpositions. Our work does not concern the pairing mechanism (which would determine the form factor d ab (k), but not the orbital-spin structure of the Copper pair), but provides a detailed classification of the order parameters from the orbital perspective and probe these against the available experimental results and within the concept of superconducting fitness. We believe our analysis is very timely given the new experimental results, and should motivate a reconsideration of theories which take into account the role of inter-layer processes and interactions in order to elucidate the origin of superconductivity in Sr 2 RuO 4 from a microscopic perspective. 8 operations) , as well as its combination with inversion (totalling 16 operations). There are also another set of 16 operations which are related to intra-unit-cell shifts by half lattice parameter in all directions.
Given the strong two-dimensional phenomenology of this material, Sr 2 RuO 4 is usually described by a model on the square lattice, what would suggest C 4 symmetry, but here the transformations which consider rotations along in-plane axes are also important because of the odd character of some of the orbitals along the z-direction. We therefore start with D 4 symmetry, a group which has 8 elements arranged in 5 conjugacy classes, therefore there are 5 irreducible representations. The elements are:
• E: Identity.
• 2C 4 : two rotations along the z-axis, one by π/2 and another by 3π/2.
• C 2 : a rotation along the z-axis by π.
• 2C 2 : rotations by π along the x-or y-axis.
• 2C 2 : rotations by π along the diagonals d(x = y) ord(x = −y).
The irreducible representations and respective character table and lowest order basis functions:
Note that all the operations can be written in terms of C 4 , C 2x , C 2d :
4 .
•
so if the system is invariant under C 4 , C 2x , C 2d , it is invariant under all transformations of the point group. One can think of these operations as the generators of the group. Note that we should consider also inversion I to complete the point group associated with I4/mmm.
A. Generators acting on coordinates
The generators identified above act on the spatial coordinates as follows:
B. Generators acting on orbitals
We start with the most general three-orbital Hamiltonian, considering the orbitals in the t 2g manifold in the basis
, in which case the three basic operations above can be written as:
where λ i , {i = 1, ..., 8} are the Gell-Mann matrices and λ 0 = 2 3 I 3 , where I 3 is the three-dimensional identity matrix.
C. Generators acting on spin
A generic rotation by an angle θ along the axis defined by the unit vector n transforms the spin components as:
such that
where σ i , {i = 1, 2, 3} are Pauli matrices, and σ 0 is the two-dimensional identity matrix. Note that these transformation are defined in passive form, and the axes for the spin transformations are rotated by π/2 along the y-axis.
Here λ a act on orbital space and σ b on spin space. The former are the standard Gell-Mann matrices for a = 1, ..., 8,
The latter are Pauli matrices for b = 1, ..., 3, and σ 0 = I 2 . Here I n stands for the n-dimensional identity matrix.
Requiring the Hamiltonian to be Hermitian, we restrict h ab (k) to be real, since the Pauli ad Gell-Mann matrices are Hermitian themselves. Requiring the Hamiltonian to be invariant under inversion, I, and time-reversal θ = KI 3 ⊗(iσ 2 ), we find restrictions on the possible pairs of (a, b). Inversion acts trivially in this case since all orbitals are even and the spin is invariant under this transformation. This requires all h ab (k) to be even functions of k. Looking more carefully at time-reversal:
for the remaining terms
In order to satisfy invariance under inversion and time-reversal, only the 15 pairs (a, b) written explicitly above are allowed.
The point group operations impose further on the allowed h ab (k) and their momentum dependence. In summary, we have:
intra-orbital hopping (4, 0) -(6,0) -1 -(6,0) E (a) inter-orbital hopping along z (6, 0) (4,0) +1 -(4,0) E (a) inter-orbital hopping along z
This allows us to construct the most general Hamiltonian:
with, up to quadratic terms in momentum (a 0 − l 0 are numerical coefficients):
Note that this Hamiltonian is the one we usually construct for Sr 2 RuO 4 , where the terms (0, 0), (3, 0) and (8, 0) are associated with intra-orbital hopping; the term (1, 0) is associated with inter-orbital hopping, allowed only between xz and yz orbitals; and (2, 3), (5, 2) and (7, 1) are associated with atomic spin-orbit coupling (SOC).
For a more microscopic form of these parameters which considers hopping up to the next-nearest neighbours, we have, following the notation in our previous manuscript 1 :
which are in accordance with the symmetry constraints determined above.
The values used to reproduce the two dimensional Fermi surface of Sr 2 RuO 4 are 2 :
and the remaining terms are usually argued to have a smaller contribution to the Fermi surface.
III. SUPERCONDUCTING ORDER PARAMETER
We start parametrizing the gap matrix as we did for the Hamiltonian:
in terms of 36 functions d ab (k).
In order to satisfy the anti-symmetry of the pair wave-function, the order parameter should follow
Based on this property we can separate the functions d ab (k) in even or odd, given the symmetric or anti-symmetric product λ a ⊗ σ b . Since λ 0,1,3,4,6,8 and σ 0,1,3 are symmetric and λ 2,5,7 and σ 2 are anti-symmetric, we have: Note that we can define the following correspondence for the most familiar notation with the factor of (iσ 2 ) explicit:
Considering now the point group transformations in order to classify the possible order parameters, assuming different properties of d ab (k), and using the Nambu basis as Ψ † = (Φ † , Φ), the gap matrix transforms as:
Here we summarize the properties of the 15 matrices which would pair with even d ab (k) functions:
We can also make a table with all 21 matrices which would pair with odd d ab (k) functions: Note that when we compose a matrix in E with a d ab (k) function also in E, we need to decompose the product in one dimensional representations.
For the even d ab (k) functions we have a basis which transforms as {xz, yz}.
For E(a) we have A 1 : λ 4 ⊗ σ 2 xz + λ 6 ⊗ σ 2 yz (19) A 2 : λ 4 ⊗ σ 2 yz − λ 6 ⊗ σ 2 xz B 1 : λ 4 ⊗ σ 2 xz − λ 6 ⊗ σ 2 yz B 2 : λ 4 ⊗ σ 2 yz + λ 6 ⊗ σ 2 xz For E(b) we have 
